In this paper we describe an algorithm based on the Picard-Vessiot theory that constructs, given any curve invariant under a finite linear algebraic group over the complex numbers, an ordinary linear differential equation whose Schwarz map parametrizes it.
Introduction
A classical result of Hurwitz [11] states that a curve of genus g ≥ 2 can have at most 84(g − 1) automorphisms. In [14] , Klein described the curve of genus 3 with 168 automorphisms, proving that Hurwitz's bound is optimal. This curve is the locus of x 3 y + y 3 z + z 3 x = 0 in P 2 (C) and it's known as Klein quartic. Halphen [5] and Hurwitz [10] independently obtained linear ordinary differential equations such that the image of their Schwarz maps is Klein quartic and used them to parametrize the curve.
The automorphism group of Klein quartic is the famous Klein's simple group of order 168, G 168 . The curves invariant under this group have been widely studied [1, 4, 8] . In particular, Fricke in [4] described a pencil of invariant projective curves of degree 12. For each curve in this pencil Kato constructed an ordinary linear differential equation of order 3 such that the image of its Schwarz map parametrize the given curve [12] . To construct the equations Kato used some properties of the invariant curves, in particular their cusps and flexes. Furthermore, in [13] Kato proved that the Schwarz map of a linear ordinary differential equation obtained by Beukers in [3] parametrizes the Hessian of Klein quartic.
More generally, curves invariant under other finite linear algebraic groups have been studied. For example, the Hesse pencil [6, 7] , a family of elliptic curves invariant under the normal abelian subgroup of order 9 of the Hessian group has gained much attention recently in different areas [2, 18, 19] . Lachtin in [15] considered curves invariant under Valentiner group, the unique triple cover of A 6 .
The main result of this paper is Theorem 1 which is a generalization of Theorem 6 in [17] . From its proof we obtain the algorithm that constructs, given any curve invariant under a finite linear algebraic group over C, an ordinary linear differential equation such that its Schwarz map parametrizes this curve. To apply this algorithm we do not use any property of the invariant curves, but instead their properties can be derived from their corresponding differential equations. In the last section we revisit the known examples of parametrizations of curves invariant under G 168 showing the information needed so that we can obtain those parametrizations using our algorithm.
A MAPLE implementation of the algorithm for third order equations can be obtained from my webpage.
Preliminary

Space of orbits
Let G ⊆ GL n (C) be a finite linear algebraic group. We define a left group action of G on the coordinate ring R = C[X 1 , . . . , X n ] of C n by C-automorphisms
Since G is finite, it is reductive, thus the G-invariant polynomials in R separate the G-orbits in C n . Therefore, the coordinate ring of the orbit space C n /G is the finitely generated G-invariant subring
where x = (x 1 , . . . , x n ). We will identify the orbits space G\C n with its embedding in C N . Since G is finite, the orbit space has dimension n and therefore there exits a dense subset of C n where the derivative of the quotient map
is non-singular.
Similarly, these G-actions define G-actions on P n−1 (C) and on its homogeneous coordinate ring R. The orbits space of the action on P n−1 (C) is P(C n /G). Let Λ ∈ Z >0 be such that the homogeneous elements of R G of degree Λ, R G Λ , form a homogeneous coordinate system for P(C n /G), i.e.
P(R
where
As before, we identify the orbits space P(C n /G) with its embedding in P M−1 (C). Again, there exits a dense subset of P n−1 (C) where the derivative of the quotient map
Schwarz maps
Let C 0 be a compact Riemann surface and K = C(C 0 ) the field of meromorphic functions over C 0 . Let δ : K → K be any non-trivial derivation. Note that δ can be uniquely extended to the sheaf of meromorphic functions over any open set in C 0 .
Let L(y) = 0 be an ordinary linear differential equation of order n with rational coefficients
where a 0 , a 1 , . . . , a n−1 ∈ K. Let S ⊂ C 0 be the collection of singularities of L(y). Given a non-singular point p ∈ C 0 together with a fundamental system of solutions (y 1 , . . . , y n ) over a neighborhood U ⊆ C 0 of p, we define the Schwarz map as the analytic extension of
The monodromy of the Schwarz map is the projection of the monodromy group of the fundamental system of solutions (y 1 , . . . , y n ) on P GL n (C). We will denote it by G 0 and call it the projective monodromy of L(y) = 0. Postcomposing the Schwarz map with the quotient by the action of G 0 on P n−1 (C) we obtain a single-valued map
which we will call the quotient Schwarz map.
2 Schwarz maps for invariant curves Theorem 1. Let G be a finite algebraic subgroup of GL n (C) and let C ⊆ P n−1 (C) be an algebraic G-invariant curve not contained in a projective hyperplane. Let C 0 be a compact Riemann surface such that there is a dominant map
with S ⊆ C 0 finite and such that C → C/G is unramified over ψ(C 0 \ S). Let K = C(C 0 ) be the field of meromorphic functions over C 0 . Then there exist i) a branched cover π : C 1 → C 0 where C 1 is a compact Riemann surface and
ii) a linear differential equation L(y) = 0 of order n with coefficients in E admitting a fundamental system of solutions (y 1 (z), . . . , y n (z)) over C 1 such that the closure of the image of its Schwarz map is C.
Moreover, the restriction of ψ • π to C 1 \ π −1 (S) is the quotient Schwarz map of L(y) = 0 associated to the system of solutions (y 1 (z), . . . , y n (z)).
Let d ∈ {1, . . . , M } be such that C ⊆ {Φ d = 0}. Then the map ψ is completely determined by the pullback functions ψ
The unique extension of δ to a derivation in E will also be denoted by δ. Let C 1 be a compact Riemann surface such that C(C 1 ) ≃ E and let π : C 1 → C 0 be the map defined by the extension K ⊆ E. Then the map π • ψ is the composition of two algebraic maps, Π • Ψ, where
. . , N , and Π is the canonical projection
Let p ∈ C 1 \ π −1 (S) and let us consider a lifting Ψ :
If we differentiate with δ the equations
we obtain
After arranging the indices of the F i 's if necessary, we have that
is invertible over U . If det
∂(X1,...,Xn) (y) = 0, where y = (y 1 , . . . , y n ), then we obtain a system of first order ordinary differential equations characterizing the functions y 1 (z), . . . , y n (z)
Differentiating this system n − 1 times with δ, we obtain expressions for 
Therefore, the linear differential equation
has fundamental system of solutions (y 1 (z), . . . , y n (z)) whose analytic extension parametrizes a G-invariant curve in C n \ {(0, 0, 0)}. Passing to homogeneous coordinates, the analytic extension of [y 1 (z) : . . . : y n (z)] defines a Schwarz map whose image is a G-invariant curve in P n−1 (C) whose closure is C. By construction the quotient Schwarz map is ψ • π.
The algorithm
Here we present the algorithm that computes the equation L(y) = 0 from Theorem 1. (i) Let X 1 , . . . , X n be variables. Extend the derivative δ to K(X 1 , . . . , X n ) by defining δX i = 0, for i = 1, . . . , n.
(ii) Define recursively for j = 1, . . . , n   
. . , f n ) for i = 0, . . . , n − 1.
Properties of the images of Schwarz maps
Let G be a finite algebraic subgroup of GL n (C). Let C ⊆ P n−1 (C) be an algebraic G-invariant curve as in Theorem 1. We showed that we can obtain a linear ordinary differential equation L(y) = 0 admitting a system of solutions whose associated Schwarz map parametrizes C.
The following proposition summarizes the properties of C that we can derive from its associated equation L(y) = 0. Note that assertion i) is Proposition 3.1 in [13] , iii) is Proposition 18 in [16] , and ii) and iv) follow from generalizations of the proofs of Proposition 3.1 and Theorem 3.6 in [13] respectively. Proposition 2. Let p ∈ π −1 (S) and let
be the characteristic exponents of L(y) at p, where r p , ν p , λ 1,p , . . . , λ n−2,p are positive integers such that (r p , ν p , λ 1,p , . . . , λ n−2,p ) = 1. Let P ∈ C be a point above ψ • π(p), i.e. P · G = ψ • π(p).
i) In the case deg(ψ•π) = 1 and n = 3 we have that P is a (ν p , ν p +λ 1,p )-cusp if ν p ≥ 2 and a (1, 1 + λ 1,p )-flex if ν p = 1 and λ 1,p ≥ 2.
ii) The curve C is smooth at P if and only if ν p = λ 1,p = . . . = λ n−2,p = 1 and p is an apparent singularity if and only if r p = 1.
iii) The Euler characteristic of C is
iv) Let m = deg(ψ • π) and let g be the genus of C. The degree of C is
Examples
Invariants of Klein's group where β is a primitive 7-th root of unity (i.e.
, and c = β − β 6 . Note that the image of G 168 under the projection GL 3 (C) → P GL 3 (C) is isomorphic to G 168 .
The invariant subring C[X 1 , X 2 , X 3 ] G168 is generated by 
Differential equations for G 168
In this section we consider the known examples of parametrizations of curves invariant under G 168 . We show the input required by our algorithm in order to obtain the ordinary linear differential equations associated to these parametrizations. The corresponding functions defining the quotient Schwarz map f 4 , f 6 and f 14 were obtained using the algorithm in [9] . 
